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1 Introduction

Geometric invariants play a key role in object recognition where the object of interest is af-
fected by a group of transformations. A modern approach to them was taken by Weiss (1993);
Bruckstein & Shaked (1998); Olver (1999); Aghayan et al. (2014), and Aghayan (2021a,b, 2018,
2017, 2015); Nadjafikhah & Aghayan (2012), etc.

In visual applications, the transformation group G is, typically, either the Euclidean, affine,
similarity, or projective, called visual groups. We are particularly interested in how the geometry
induced by G! applies to curves contained in the plane E ~R?.  This paper undertakes a
systematic investigation of these groups and their fundamental invariants.

This paper is organized as follows. Section 2 presents our approach to determine the intrinsic
invariants associated with a geometric property - in our study Length, Angle, and Area, and
derives the visual curvatures. We also discuss the relation between convexity and regularity.
Section 3 starts with the well-known Euclidean Frenet-Serret frame and formulas, then, gives
the associated moving frames and formulas in the similarity and affine geometries. For each
visual group, we describe the derivatives of a regular smooth curve in the TN frame to derive
the associated fundamental invariants in terms of the inner and cross products. Besides, we
bring forward a geometric interpretation by presenting the visual angle in each geometry and
showing that this angle determines the normal direction in that geometry. This section ends
with expressing the visual curvatures in terms of the tangential angles. Section 4 introduces
“visual Structural equations”, indicating that any regular smooth curve in a visual geometry
satisfies a unique differential equation of order 3, and offers its converse as a conjecture.

lin Euclidean, affine, and similarity cases. The same process could be accomplished for Projective group.
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2 Visual-Geometric Features and Intrinsic Invariants

According to Olver (1999), any r-dimensional visual group G acting on the space E ~ R? admits
a unique (up to function thereof) differential invariant kg of order r—1, called the G-curvature,
and a unique (up to constant multiple) invariant one-form dig of order at most r—2, called the
G-arc length. Besides, every other differential invariant is a function I = I(kg, KEG L mé’ ,r---) of
the G-curvature and its derivatives with respect to the G-arc length element. 7

As mentioned above, determining the fundamental invariants associated with a geometric
property of interest plays a central role in recognition problems and finding symmetries. Our
method to derive them involves the following steps.

Let 7 : [a,b] € R — R? be a regular and s-smooth ! curve.

Step 1. Determining the arc length dv associated with ‘the geometric feature of interest’ x
- in our study Length, Angle, and Area.

Step 2. Finding two vectors v(7,,7, ,...) and w(7,,7, ,...) in terms of the derivatives of the
given curve with respect to the arc length « such that the value of the feature of interest is 1 -
in other words, y(v,w) = 1.

It is obvious that the method presents the simplest invariant if the vectors v and w are (as much
as possible) in terms of the lowest derivatives.

d
Step 3. Finally, taking the derivative — (x(v,w))= 0 results in the intrinsic curvature.
In the following, we apply our method to derive the intrinsic curvatures associated with
Length, Angle, and Area.

- Length
Let y=x1+ yjand x(v,w) =v-w denote the inner product of two vectors v and w.
Step 1. Since ||v|| = /v - v for the Euclidean norm || ||, we consider

ds = [|dv|| = Vdx? + dy? (1)
as the arc length for this case.

. _ _d'y .
Step 2. Hence, assuming v = w =ds gives

dy
= [|=L]| = 1. 2
x(w,0) = |2 (2)
Step 3. Finally, taking the derivative on both sides results in
d? d
o=l (3)
It is easy to check that i
k(p) = —=(p) (4)

ds
in which ¢(s) denotes the tangential angle of the curve ~, see FIG. 1.

&)
QD

Figure 1: The tangential angel of a smooth curve v at p.

Moreover, the rate of change in the direction of the tangent line with respect to “s” is clearly
the simplest invariant of the Euclidean motions that preserve Length.

Note also that, the curve v must be regular and 2-smooth to have the invariant curvature s
well-defined.

1y is said to be s-smooth if it is s times differentiable. Also, is regular if its first derivative never vanishes.
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- Angle
In this case, let x(v,w) = W denote the angle between two vectors v and w.

Step 1. By reparameterizing the curve + with the tangential angle ¢ , we consider

do = d¢ (5)

as the associated arc length. Therefore, identity (4) gives

do  do

a0 _ o _ 6

ds ds " (6)
Step 2. If we consider v = w = H ”, then

Yo Yo _ Vo . e
X(U U) TV ATERETNATE
o lllvall el Tl

Step 3. Finally, taking the derivative on both sides results in

Yo o 1
el ol Il dU T
We define )
’Yg Vo
v(o) = T (8)
B RATREA
Now, we demonstrate that v = v(o) is the simplest invariant. By (5)
do iy do
d*:1:>H’YU||'£:i1-
Hence, by taking the derivative on both sides we have
do d .
(|| ol ) =0 = %(II%II)'%——II%II (¢s)

1 d 1
AR dU(H%II) ')

which in fact, according to (7) and (8), shows that
K
v= K—; 9)
Clearly, this ratio is the simplest invariant of Angle preserving (similarity) transformations
{x+——Mx+a|)>0, x,acR*.
Note further that, according to (8), v must be a regular 2-smooth convex (no three points
on v are collinear) curve to have the invariant v well-defined.

- Area

For this case, let x(v,w) =v x w = |[v_w]| be the determinant of two vectors v and w.

To determine the arc length in this case, we consider a coordinate system for the plane so
that the area of the parallelogram spanned by any pair of vectors v and w equals x(v,w) and
particularly the determinant X(’yé, ’yg) gives the signed area of the parallelogram spanned by the
velocity and the acceleration of the curve ~.

Now, let “a” denote a reparameterlzatlon such that v = v(«) satisfies
s = X = ]_ 10
which results in (%Y 73; %‘ %Y (10)
aa s, 11
ity (11)
Taking the derivative of (10) results in 'y; X ’y;/ =0= ’ygl +u 'y; = 0. Or equivalently
1= Yo X Va - (12)

Section 3 will show fy; X fy;/ is the simplest non-constant area spanned by the derivatives
of v, in consequence, u is the simplest invariant of the area preserving affine transformations
x — Ax + b, where A € SL(2) and x,b € R2. Besides, v must be a regular 3-smooth convex
curve to have the intrinsic invariant p well-defined.
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Remark 1. Convexity & Regularity. According to (6) and (11)

b _dsdy by 1dy

do ~ do ds do Kk ds
dy _ dtdy dy 1 dy

do _dadt  do  nlfds

and

which demonstrate that a reqular curve v in Euclidean geometry is also reqular in similarity and
affine geometries, if its Fuclidean curvature k never vanishes, and vice versa.

We, therefore, have the following theorem.

Proposition 1. A curve 7 is reqular in similarity and affine geometries if and only if =y is
regular and convex in Euclidean geometry.

Accordingly, from now on, “regular” shall refer to “regular in the geometry in question”.

3 Frenet-Serret Frames & Frenet-Serret Formulas

One of the important tools applied to analyze a curve is the Frenet-Serret frame, a moving frame
that provides a coordinate system at any point of the curve that is “best adapted” to the curve
near that point and describes the geometry of the curve at a point completely.

Before studying the Frenet-Serret frame associated with a visual group, we define “the TN
frame” built by the following moving vectors along a regular 2-smooth curve v = 7(t):

Tt

- T is the unit vector tangent to the curve, pointing in the direction of motion: T(t) = TR
t
- N is the normal unit vector, the derivative of T with respect to the arclength parameter of
the curve, divided by its length: N(t) = ”:)‘”.
t

Moreover, the Frenet-Serret formulas are vector differential equations that relate inherent
properties of the curve «. They describe in fact the derivatives of the unit tangent and normal
vectors in terms of each other in which the coefficients are in terms of the intrinsic invariants.

3.1 FEuclidean Frenet-Serret frame

Let v = ~(s) be a regular curve with respect to the Euclidean arc length s. Since H%H =1,
therefore, T :% is the unit tangent vector. Then

dT dT
T||=1 — T = — = 1
T =1 == T=0=|[cos0=0 (13)
which results if v is not a line, then
dT dT
— 1 T=— — =&k N. 14
ds ds " (14)
Hence, for a 2-regular curve v the Euclidean Frenet-Serret frame is the same TN frame:
dry dT
T=— N=—. 1
s and I (15)

Moreover, the associated formulae are given by:
dT dN

= = kN and = —rT. (16)

Unfortunately, this frame is not well-defined in other visual geometries. In this section we
introduce a suitable Frenet-Serret frame for the scaling and affine transformations.
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3.2 Similarity Frenet-Serret frame

Let v = v(0) be a smooth curve parameterized by the similarity arc length . According to
(5)-(8)"
do _do

/ 1 d
Yl =r71 and v=

Lk (Ih, ). (1)

171l do

Moreover, in terms of the TN frame, we have

T) =N and N, =-T. (18)

Now, let v = v(0) denote a regular 3-smooth curve. Then

Yo = el T=s"1T, (19)
Yo = ol T+l N=—=x"2k, T+x""N, (20)
Yo = (ol = o) T4 20l N= (=7 + 367k, — s~ T— 2673k, N. (21)
and
Yo Vo = ||’Ya”2 = 5_27 (22)
Yo Vo = TV ||’70’H2 = _5_4’%57 (23)
’ " ’ ron ’ = e 1,2 _

Yo Vo = ||’YO‘”(||’YO‘” - H70'||) =K 5’%5 + 3K 6Hs -k 2‘ (24)

Furthermore
Yo XY = |6l?=r72 (25)
Yo X Vo = —2v H70'||2 = _2’%74557 (26)

7 " / ’ _ " _ 1,2 _

Yo X0 = (P =)ol? =50k + 3570k + 577, (27)

Therefore, the following results are established. According to (19), (20), and (21)

1" "

a) 12 =T, b) 19 = yT+N, and ¢) 29 = (-1, +12—1) T—2vN, (28)
Ve | 1Yo | [

which are similarity invariant vectors. In addition, identities (22)-(27) result in

"

a) Yo Yo 1 ) Vo Vo Vo a) Yo ! 2

7 : 7 — 4 7 . 7 = -V, and C) 7 . 7 =V, +V — 17 (29)
7| Il Yol 175l 75l 175l 7
) Jo_y Jo_ 1, b) Yoy Jo_ —2v, and c) Jo_y Jo_ v, +2+1, (30)

ol = lvall ol = ol el lell

which are similarity invariant functions.

Theorem 1. Let v = v(c) denote a reqular 2-smooth curve. Then {t = t(c),fi = i(0)} given
by

1

L .
t=—7 and n=—7-. (31)
16| [l

defines a moving frame of the curve ~y.

'From now on, to avoid the ambiguity caused by sign and without loss of generality, we assume & is positive.

242



R. AGHAYAN: MORE ABOUT CLASSICAL VISUAL GROUPS

Proof. Let

o fy de—g Joygy o (32)
75|l (oA 175l (oA

/

Multiplying both sides of (30)-part a) by —%

/
(o7

frex Jo g Joo Jo g Jo_y Jo_yg Jo o Jo (33)
EATRSTEA EATRTEA EATRRTEAT EATRRTEAT

results in fo = go. Similarly, we have f; = g;.

We call t “the similarity tangent”, fi “the similarity normal”, and the moving fame {t, 1}
the “similarity Frenet-Serret frame”. For example, taking derivative on both sides of identity
(29)-part b) gives the following identity in the t-i coordinate plane

Yo _ (_ o2 1 T ~
— = (—v, — Vv ) t —2v n. (34)
oA

O]

It is not difficult to prove the following lemma.

Lemma 1. Let v = (o) be a regular smooth curve. Then

O (n+1) (n)

/yU 70' 70‘

/ =2 1y 2 35
(II%II)U 75 175l (35)

Theorem 2. Let v = (o) be a regular 3-smooth curve. Then
t,=vi+n and n,=(-v,—1>—1)t—vi (36)

(o

Jo ) =y Jo_ 4 Jo (37)
AT S AT oA

which proves (36). Also, by (29)

Proof. First, by (35)

/

(7(’) =(—vT+N), =(-v,—-1) T—vN= (-1, —1>—1) To_ ) Jo
ag

17 el el
O]
We call (36) and (37) (or equivalently, (35)) “the similarity Frenet-Serret formulas”.
3.2.1 Similarity angle & geometric interpretation
By (29) and (30), it is easy to check that
2 /
i " —V ’ " Ve =V, — 1
coS(Vpy Vy) = —————, €0S(VpyVy )= - =, and
( ) v?+1 ( ) V2=, +1)2 + 4]
" " —I/(V2 — I/;. —l— 1)
cos(Y,,7 - —. 38
G217 ) V24 1/ (V2 — v, +1)2 + 4, (38)
. ’ " 1 . ’ " —2V2
sin(7,, 7, = —, sin(v,,7,)= - —, and
(s 1) S ) = e
. " " 1/2 + V/ + 1
Sin(Y,,7, ) = z (39)

VIZF 102 =V + )2+ 4
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T

/g
1(0) N

Figure 2: Sketches |7,

|='~. in the TN frame.

We name these similarity invariants “the fundamental similarity angles”.
Now, let § = Z(v,,~.) be the angle between ~, and ~,. Identities (28) and (29)

Yo

° T and 22 —_yT4+N, (40)
1%l [oA
with regard to Figure 2, result in: cot(f) = —cot(¥y, = 7 — 0) = —v <= 9, = cot "1 (v).

We, therefore, have the following theorem.

Theorem 3. Let {t,1i} be similarity Frenet-Serret frame of a reqular 8-smooth curve v = (o).

Let 05 = Z(—7,,7,) = £(—t,1). Then
¥y = cot () (41)
where v = v(o) denotes the similarity curvature of .

We call 9, “the similarity angle” of . It is also easy to check that the angle ¥, at a point
p € v is the half of the central angle in the osculating circle C at this point whose vertices are
the touching point p and the intersection of the similarity normal with C, see Fig. 3.

Figure 3: The similarity angle of a regular smooth curve (o) and its geometrical interpretation.

3.3 Affine Frenet-Serret frame

Let v denote a regular 3-smooth curve with the Euclidean, similarity, and affine curvatures &,
v, and u. Let s, o, and « be respectively the Euclidean, similarity, and affine arc lengths. It is
not difficult to check that:

da 1/3 1 /1 —3 dO[ —9/3 "2
P = = —F = ; d -5 = / - ) 42
T, = |[v.™7>N and N, =—|v,["2T inthe TN frame of ~, (43)
’o /‘Ql/SV o V/ 1/2

il = ~557 Il = s - 2, (44)

which prove the following identities.
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Yo = IVl T=x72T, (45)
" ro o Hl/gl/ K 5/3 !
Yo = ‘|7a”a T+H7a” ! N=—-——— T—’_Hl/g N:_is T+E1/3 N (46)
" i oy RI// K,V2 KJ_2I€// 5H_3/€/’2
=l ™) T= (e e (M ()
Then
Yo Ya — H’YaH2 _2/37 (48)
’ ” / ro 14 Ii_gl"il
Yo Yo = Hf}/aHH’YaHa = _g = - 3 87 (49)
Yo Vo = H’YQHH’Y(JHQ HfYaH - (50)
v V2 kT3 BrT10/3,0
= —m2/3(§”+§+1):— g+ o — w23 (51)
Yo X Vo = 1, (52)
Yo X Vo = 0, (53)
"M 17alla 1 i3 Vo |V KPRy R8RS 4/3
% _ AL B T4 41 = — . 54
R FA N A TR A e Al o " >4

Now, we make some results. Identities (45), (46), and (47) give the following corollary.

Corollary 1. Let 7 = v(«) denote a regular 3-smooth curve. Then
~Nvalls 1vell, and ||ye || are Euclidean invariants.

"

H’yaHH’yaH and H'yaH 3H’ya || are similarity invariants.
Also, identities (48) and (49) give the outcome below.

Corollary 2. Let x and v denote, respectively, the Euclidean and similarity curvatures of a
regular 3-smooth curve v = y(a). Then

Fo= (o 7a) (55)
v o= 20 (56)

These identities, indeed, generate the Euclidean and similarity curvatures in affine geometry.
In addition, identity (54), along with (12), demonstrates the following result.

Corollary 3. Let v = v(«) denote a regular 3-smooth curve. Then

7o / ” /2
o DalPlalla =1 v+ 5021 Besl — 5ml” 4 9" (57)
EAE EARE 9r8/3

Now, we bring forward the affine Frenet-Serret frames.

Theorem 4. Let v(a) be a 2-smooth convex curve. Then, {T =T(a),N =N(a)}, given as
follows, defines a moving frame over the curve ~y.

S ’ o "

T=~v, and N=r,. (58)

«

Proof. Let
fl 7a+f2 Yo = 91 Vo T 92 Va- (59)

With regard to (54), multiplying both sides by .,
St % X Ya + 2 Ya X Va =91 Ya X Ya T 92 Ya X Ya (60)

gives f1 = gi1. Similarly, we have fy = go.
The moving fame {T,N} is called “the affine Frenet-Serret frame” of the curve ~. Besides,
T and N are respectively named its “affine tangent” and “affine normal”. O
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Moreover, it is not difficult to establish the theorem below.
Theorem 5. Let v = y(«) be a 3-smooth convex curve. Then
T. =N and N, =—uT. (61)

These equations are called “the affine Frenet-Serret formula” of .

3.3.1 Affine angle & geometric interpretation

Identity (59) results in

! " ].
H’yaH’Va = _gy T+N.

N

y(a)
Figure 4: The affine angle of a regualr smooth curve v(«).

Hence, according to Figure 4, the angle 9, = cot~!(v/3) points out the direction of the affine
normal of v - named “the affine angle” of the curve ~.

The following figure sketches the Euclidean, similarity, and affine angles and their normal
directions. In fact, each visual angle refers to the angle in the associated Frenet-Serret frame.
Additionally, the interesting point is the similarity and affine angles are both in terms of the
similarity curvature of the given curve.

ondalp-N =

u
«<

Figure 5: The visual angles and normals for a regular smooth curve .

3.4 Visual Curvatures in terms of the Tangential Angles

This section writes the visual curvatures in terms of the Euclidean tangential angles ¢(s), see
Fig. 1. For the Euclidean and similarity curvatures, with regard to (4) and (9), we have

KJ:@ and v=" = d(;,

ds ke ds )

For the affine case, by (57)
(dy2 —3rdr g

_ ds?
w= 0,475 . (62)
in which r(s) denotes the curvature radius of the smooth convex curve 7. On the other hand
dr\2 d?
(CTZ) - 37&# _ _lﬁ(rw?’) (63)
9rd/3 2 ds?

246



R. AGHAYAN: MORE ABOUT CLASSICAL VISUAL GROUPS

Accordingly, substituting (63) in (62) results in
— 22 (23—
p= g P+ (64)
We, therefore, established the following theorem.

Theorem 6. Let ¢ = ¢(s) be the Euclidean tangential angle of a smooth convex curve 7. Let
K, v, and, | be the Fuclidean, similarity and affine curvatures of vv. Then

d d (1 1d> (1N\? s

Now, we write the affine curvature p in terms of the tangential angles ¢(«) as a function of
the affine arc length. It is easy to check that

d ! !
— = ¢, M and k= ¢0,63/2' (66)
As a result
K= S, and (67)
H;/ _ 7¢/ 1/2¢//2 7¢/ 3/2¢/// (68)
Replacing (66), (67), and (68) in (57) gives
190 Ga + 590 b + du
n= 4 (ZS/24 . (69)

Therefore, we have the following theorem.

Theorem 7. Let (1 and ¢ = ¢(«) denote the affine curvature and the affine tangential angles
of a smooth convex curve . Then

_ =300 +20,00 +4d,

70
e (70)
In addition, by (66)
1
2/3 _

K — | =1 71
() ™

Taking derivative on both sides with respect to the Euclidean arc length results in

2

gmsm e <%) = 0. (72)

By taking the next derivative

ot — = =0
3/@S/<a 3/@5 K24 3/£ <15a + K s ¢a

2 4 4+ 10 2 d 1 a2 /1 2 . 10 12
= 3“8“1‘9”"8“*2/3d2(¢'>:0:‘ds2<¢;>:‘3“8”5/3+9”"8“8/3

which gives

1ad* (1 I 5 2 _
—5@ <¢,a> +I€4/3 = g/ﬁsfi 5/3 _ 9/1 H 8/3—1'/’{4/3. (73)
Hence, according to (57)
_ e + k3 (74)
F= 752 \ g, '

We, therefore, established the following theorem.
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Theorem 8. Let i and ¢ = ¢(«) denote the Affine curvature and the Affine tangential angles
of a smooth convex curve . Let s refer to the Fuclidean arc length element. Then

1d? (1 2
H=—5732 <¢/a> + %0 - (75)

In fact, what the paper indicates so far is:
“a visual geometry is the structure created by the derivatives of the smooth curves with respect
to a given arc length.”
The following table gives a summary of the formulae we derived in this paper for the visual
curvatures in terms of the dot product, cross product, and norm.

Visual curvatures in terms of inner product, vector product, and norms

Curvature ‘ in terms of “.” ‘ in terms of “x” ‘ in terms of “|| ||”
N T TIT 7 7T 7

Euclidean ‘ —R=% " ‘ K=" X s ‘ |H| = ||’Y> H
T 7T T TIT 7 7

Similarity —v= T . 1o =T x Je = Iels
el Nl llve I [l o Il

Af Vo . e NG ] = g1
ne —p =g . o = Yq X = —1a

S EACA = o X e SCA

Now, we can have the following definition.

Definition 1. The infinitesimal G-generators of the visual groups are defined as follows.
- For Fuclidean geometry

|kl = [ [I- (76)
- For Similarity geometry
el -
175l
- For Affine geometry
- el s)
1Vall

In which v denotes an arbitrary regular smooth curve.

Accordingly,
to have a numerically invariant expression for the infinitesimal generator of a visual geometry
one only needs to numerically compute the arc length in a fully group-invariant manner, for

example in terms of the joint invariants, and then takes the required derivatives with respect to
it.

4 Structural Equations for Visual Groups

This section explores “the structural equation” of each visual group satisfied by all smooth
curves in the underlying geometry.

4.1 Structural equation in Euclidean geometry
Let v be a regular smooth curve and consider its TN frame. From (15) and (16)

"

=T and ~, =xN. (79)
Hence
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=1 = ) =aT = =Yy e, T)
- 51 = (ﬁ 1)s<’)/s’ T> + H71<Vs 5 T> - fl = —K.

1%

Therefore

/ ’

(k') ==k T or  —rls'y) =T (80)
which result in
(Y w)) =N = &={((rky —r 27 ), N).

Accordingly
& = (B3 H R0, N+ (R 20 k) (), N) — 2y, N)
= & = —3x73 /as + K- /<;S+/-$ /ﬁ;’2+2/€_3s —H_QH”-FH = §2 = K.
Hence
— (k™ 1(/1_17!)/), =k N or —k (k™ 1(/<c_1’y!)/), =N. (81)

Identity (77) (or equivalently (78)), along with (76), establishes the following theorem.
Theorem 9. Fuclidean structural equation. Any regular and smooth curve v = ~y(s) satisfies
the following third order differential equation

R ) +95 =0 (82)
i Fuclidean geometry where s denotes the Euclidean arc length.
Conjecture I. The unique planar geometry with an arclength ¢ in which any regular smooth
curve v = y(¢) is a solution to the the 3'¥ ordinary differential equation

: . . RHETY) =0 (83)
is the Euclidean with ¢ = s.

4.2 Structural equation in similarity geometry

With regard to (20)

/

Ky, =T. (84)
Hence
Ikl = 1 = (sr)o =& N
— & = (kg% Y, N)=k,(1, N)+rly, N) = &=1
Therefore
(K75)y =N (85)

which results in
! 1 i mn !

(H/,‘YO')U = 52 T - §2 = <("£U"Y; - E’YO’)O" T>
= &2 :ﬁa<’YaﬂT>+2"€cr<’yavT>+"£<7U7T> = &=1
Hence

/Ny

(k7)o = T. (86)
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Continuing the same process gives
d2n d2n+1 ,
Ton (kv,) =T  and W(ﬁ%) =N forall neN. (87)

Identity (82) (or equivalently (83)), along with and (81), introduces the following theorem.

Theorem 10. Similarity structural equation. Any reqular and smooth curve v = ~(0o)
satisfies the following third order differential equation

o n

(’%’70)0 — K = 0 (88)
i similarity geometry where o is the similarity arc length and k s the Euclidean curvature.

Conjecture II. The unique planar geometry with an arc length ¢ in which each regular and
smooth curve v = (1) is a solution to the the 3'% ordinary differential equation

(kv,), — Ky, =0 (89)

where & is the Euclidean curvature, is the similarity with « = o.
In addition, (84) presents the following result.

Corollary 4. In similarity geometry, the set {(57;);, (k7)o } forms the TN frame for a regular
smooth convexr curve vy - in other words

o

1(50)ell = 1(F2)ol = Lo (k70)y L (K70)gs  and  (k7,)5F2 = (k)8 (90)

4.3 Structural equation in affine geometry

By (60) k3 =T. (91)
Hence

[R5 = 1 = (&) =6 N

— 4 = (5" +%1/3’ya, N) = (57) (e N+ 6200, N) = & =#"2
Therefore

(W) =rBN or RT3y, =N, (92)

which results in
(B3RP )= T = &= (k") ("3y,)s + k723K

’

4 /- 1 _ ”
= 52 = (_§K_7/3,€ 2 + 3H 4/3 )<’7a7 T> + K 1/3<’Ya ) T> = 52 = _'%2/3'

"

T)

(e

(PP )a)a = =R T o kTR (R ) )0 = T (93)
Continuing the same process gives
BT (R (P 0) o )a = N (94)

Identity (89) (or equivalently (90)), along with (88), results in the following theorem.

Theorem 11. Affine structural equation. Any reqular smooth and curve v(«) satisfies the
following third order differential equation

(5P () 0o+ B0 = 0. (95)
i affine geometry where « is the affine arc length and k is the Fuclidean curvature.

Conjecture III. The unique planar geometry with an arclength ¢ in which any regular and
smooth curve v = (1) is a solution to the the 3'% ordinary differential equation

(5231129, + wy, = 0 (96)

where k is the Euclidean curvature, is the affine with ¢ = a.
Note, the coefficients in the structural equations (79), (85), and (92) are merely in terms of
the Euclidean curvature and its derivatives in the visual geometry of interest.
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